Abstrad We discuss two null experiments designed to test the inverse-square law ofgraviw in the critical range between lOcm and 1Wm wiih higher precision than earlier work. To do so, we have devised a torsion pendulum detector whose mass dishibution is specificaly configured to provide high-sensitivity detection of a uniquely non-Newtoman derivative of ! h potenhal (the holi2ontal derivative of the Iaplacian), d e r thaa looking for a small deviation fmm the e x p e e power-law dependence on distance of a Newtonian field derivative. This method provides a stronger null t e s t of the gravitational inverse-square law force because it is less sensitive to imperfections in the source mass. We d i m s the design of thcse experiments and estimate their pedonnance relative to currently established experimental limits on inverse-square law violation.
htroduction
Over the past decade, there have been many experiments that test for the existence of a putative fundamental interaction weaker than gravity and coupling to ordinary matter (baryons and leptons) through the exchange of some ultra-low-mass scalar 01 vector boson. Because the range of such an interaction could well exceed a few centimetres, its detection may he undertaken with experiments observing the behaviour of macroscopic hcdies rather than of elementary particles, allowing fundamental physics beyond the standard model to he explored on a table top.
This recent experimental interest in searching for a new fundamental force of 'intermediate' range has been partly motivated by the suggestion of such an interaction in the re-analysis of the classical E6tvOs experiment (Fischbach et nl 1986) . although subsequent experimental searches for a composition-dependent force have not confirmed an effect at a level consistent with this interpreiation. Even so, interest remains in pursuing l i t s on the strength of such an interaction to lower and lower levels as allowed by continual improvements in techniques and instrumentation. This interest is maintained partly by theoretical work over the past two decades that has yielded many opportunities (possibly all vacuous) for nature to accommodate new physics along these lines (Fujii 1991, Fischbach and Talmadge 1992) . The simplest general argument for our experiment is the azimuthal variation in frequency of an oscillating torsion pendulum. The projected limits in figure 1 correspond to placing an upper limit of one part in lo9 on the fractional frequency variation. This is the precision of the composition-dependent force experiment which we are currently conducting.
Because the proposed apparatus directly detects a non-Newtonian derivative of the potential, our proposed experiments are both theoretically and experimentally robust. They are theoretically robust because it is the horizontal gradient of the Laplacian that is actually being measured, and it is the strength of the horizontal gradient on which an upper limit is placed. The plot of 01 against A is only one means to characterize the result, since the Yukawa form of the putative violation is not essential to the interpretation of these experiments. Moreover, because the source mass is positioned asymmetrically, a gradient in the Laplacian at the location of the detector is inevitable if the Laplacian decreases monotonically with distance.
The experiment is also robust with respect to systematic gravitational errm. If the detector were sensitive to any Newtonian derivative of the potential (i.e. a derivative which is not the Laplacian or any of its derivatives), then we would be faced with a fundamental limitation: whatever steps might be taken to increase the signal by increasing the sensitivity of the detector would also increase the sensitivity to fabrication errors in the source mass which produce that derivative of the potential. But in our case, the device is primarily sensitive to a non-Newtonian derivative; consequently, increasing signal sensitivity does not necessarily entail increasing sensitivity to source mass distribution errors. This technique of designing the pendulum to be insensitive to errors in the source mass has been used in composition-dependent 'fifth' force experiments (Adelberger et al 1991, Nelson et al 1990, Boynton and Aronson 1990, Cowsik et al 1990) , but we are now applying this technique to a composition-independent, torsion pendulum search for non-Newtonian behaviour. Indeed, the susceptibility of the sensing apparatus to systematic Newtonian gravitational errors is a problem which plagues all types of inverse-square law tests, not just torsion pendulum experiments. The successful superconducting gradiometer experiment (Moody and Paik 1993) is the only study yet to use a device designed to be sensitive to a uniquely nonNewtonian field derivative.
Experimental approach

Measurement technique
The experimental technique for detecting a non-Newtonian potential is quite similar to the one we have been using to search for a composition-dependent interaction Qoynton and Aronson 1990). In the presence of a composition-dependent force (COF), the torque exerted on the pendulum mass configured as a composition dipole will vary in proportion to sin (#) as the pendulum equilibrium orientation rotates azimuthally. The angle + is measured between the pendulum's horizontal axis of composition symmetry and the direction of the source mass in the horizontal plane. Correspondingly, the potential energy of the pendulum mass, varies as -cos(+) in leading order. The second derivative of this energy with respect to the azimuthal angle is effectively a small correction to the torsion spring constant of the suspension fibre In operation, the equilibrium position of the oscillator is moved stepwise through a series of azimuthal orientations relative to the source mass by rotating the support point of the torsion fibre, stopping at each orientation long enough to measure the oscillation period (Boynton 1987) . The magnitude of the resulting sinusoidal variation of period with azimuthal angle is a direct measure of the differential acceleration of the pendulum mass.
Most other torsion experiments in t h i s field measure differential acceleration as an extremely small change in the equilibrium orientation of a torsion balance. We chose from the beginning to measure instead the fractional change in torsional oscillation period, A P I P , because of the inherent simplicity and ease of securing high precision. Oscillator crossing times are determined with a resolution of 500 ns early in our digital signal processing scheme. Electronic noise is negligible at this resolution. Beyond simplicity, we have the advantage of not having to maintain the fiducial orientation of our optical lever to nrad tolerances while rotating the source mass or, worse, while rotating the entire instrument through large angles. Because we measure the oscillation period while at rest at each source-detector orientation, precision is virtually unaffected by an optical misalignment of many mrad. A third advantage follows from the natural reduction in the propagation of mechanical noise (either on the pendulum or in the optical readout system) with increasing oscillation amplitude. For our current operating conditions, this reduction is about a factor of eight for environmental mechanical noise power (the dominant source of noise in our laboratory) relative to the operation of an equivalent torsion balance angular deflection measurement. A clear disadvantage, however, is that the spring constant (and hence the oscillation period) is temperature sensitive, requiring precise but achievable temperature stability.
The sensitivity of our experiments is not limited by statistical measurement noise, but primarily by our ability to suppress torques exerted on the pendulum hy gravity gradients. The ideal is to make Up,e.&) independent of angle by suppressing the significant (low-order) multipole moments of both the pendulum and source mass through careful design. What is most important is to cancel any gravitational interactions that mimic the characteristic cos(@) signature of a signal which violates the inversesquare law. In reality, there will be fabrication and relative placement errors that will alter the ideal design, and instrument performance must be made as insensitive as possible to these perturbations.
In our current composition-dependent force search, precisely designed lead masses are employed to cancel the large quadmpole derivative of the potential due to our topographical source mass, which, if uncancelled, would produce a false cos(@) signal. In placing large masses near to the pendulum, however, one must be careful to avoid producing significant higher gravitational multipoles that can also yield a detectable cos(@) signature. The problem of eliminating the higher gravitational multipoles is the same for the inversesquare law violation (ELV) experiment, and the expertise we have developed in designing the CDF lead masses is directly applicable to the design of the experiment we discuss here.
In the CDF experiment, the basic configuration that optimizes sensitivity to the nonNewtonian field is obvious-the left and right halves of the pendulum are made from materials of contrasting composition. For the ISLV experiment, however, intuition does not serve one in selecting a pendulum design that is optimally and distinctly sensitive to the non-Newtonian aspect of the potential. Insight is gained by examining the multipole expansion of the ISLV potential. Since the W t i o n a l multipole expansion applies only to potentials whose vacuum Laplacian is identically zero, a generalization is required.
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Generalized multipole expansion
The potential energy of a source mass can be expanded in a three-dimensional Cartesian Taylor series around the centre of mass of the pendulum, which we choose as the origin of the coordinate system where the mass moments are written a s m, = fpodPpend(x. y. z)xdrdydz, etc. Defining Vp(x, y. t) as the potential due to a unit point mass (e.g. for Newtonian gravity, Vp = G / r ) , we calculate derivatives of V by integrating over the lead source mass distribution
For our purposes, however, it is revealing to switch from a Cartesian basis to a spherical harmonic basis. For the zeroth, first, second and third mass moments, these are
The boxed terms make the bases complete, but they are not included in a multipole expansion that describes gravitational, electrostatic, or magnetostatic potentials, for which the Laplacian is identically zero. Yet the corresponding mass moments are precisely those that couple to the Laplacian and to the derivatives of the Laplacian. Consequently, they are the uniqueIy non-Newtonian signature by which one is able to detect an WLV potential. We refer to the multipole expansion that includes these non-vanishing Laplacian terms as the generalized multipole expansion to distinguish it from the traditional Newtonian potential multipole expansion.
The mass moments may be expressed in spherical coordinates as There are two elegant features of the spherical harmonic basis: it separates Newtonian from non-Newtonian interaction terms, and the azimuthal dependence of a particular U;'@) is simply e"+ (or, in real functions, sin(m6) and cos(m6)). This reveals why the Laplacian of the ISLV potential cannot be directly detected with a torsion pendulum. The Laplacian is a scalar, and has no angular dependence (n = 2, e = 0, m = 0), and therefore will not produce any azimuthal variation in the pendulum potential energy. The lowest-order non-Newtonian potential derivative that can be detected is the horizontal component of the gradient of the Laplacian, which couples to a third-order (n = 3, e = 1 , m = M) mass moment. The multipoles exhibit important invariances under arbitrary rotation about any axis: (i) a multipole will transform into the other multipoles with different m values but the same n and e values; (U) the sum of the squares of the magnitudes of all the multipoles with the same n and e is a scalar invariant under rotation; (iii) moreover, if all multipoles with a given n and e are equal to zero for any particular orientation, they will remain zero under an arbitrary rotation. These rules form the basis for pendulum design.
Design of the pendulum
The pendulum is designed to meet three criteria: (i) the breaking strength of the torsion fibre fixes the total mass of the pendulum; (ii) the (n = 3, e = 1, m = f l ) mass moment is chosen to maximize sensitivity to the corresponding uniquely non-Newtonian potential derivative; (iii) all the mass moments that couple to gravitational potentials (hereafter referred to as gravitational mass moments) through at least e = 3 are to be cancelled to prevent the Newtonian gravitational interactions from mimicking the ISLV interaction. To simplify calculating and machining, cylindrical symmelq was chosen for the pendulum. This has the additional advantage of cancelling all but the m = 0 moments about the symmetry axis.
Of course, cylindrical symmetry also cancels the (n = 3, e = 1, m = f l ) mass moment that we are apparently trying to maximize. So instead, we maximize the (n = 3, e = 1, m = 0) mass moment, which makes the pendulum sensitive to the vertical derivative of the Laplacian, and then rotate the pendulum 90" (onto its side). Because the three (n = 3, e = 1) mass moments transform like the components of a vector under rotation, the pendulum now becomes sensitive to the horizontal derivative of the Laplacian as desired. If the m = 0 gravitational mass moments through e = 3 are also suppressed by design, then all the gravitational mass moments through e = 3 are zero prior to the 90" rotation, and they will then remain zero after the 90" rotation as mentioned above in section 2.2. We have settled upon a preliminary 'three ring' design (actually, two rings and a point mass) that has near optimal (n = 3, e = 1, m = f l ) mass moment per unit mass, yet vanishing e = 1, e = 2 and e = 3 Newtonian &vitational mass moments. figure 2) . The mass moments of this realizable structure have been evaluated and the dimensions modified to keep the e = 1, e = 2 and e = 3 gravitational moments zero for m = 0. In thii particular design, rings 2 and 3 have merged to form the disk at the top of the structure in figure 2. This procedure is identical to the type of calculation we have performed in designing our composition-dipole pendulum for the Index nr experiment. In theory, we can cancel even higher multipole mass moments by adding more rings; however, the more intricate the design, the greater the susceptibility to machining error. At present, we feel there is little to be gained by cancelling the pendulum mass moments to higher orders than e = 3.
In the original, unrotated, vertical orientation, the only uncancelled gravitational mass moments are the (n = I , e 2 4, m = 0) moments. The 90" rotation will mix the m = 0 moments into all other m values; however, our primary concern is the offending m = A1 multipoles. After a 90" rotation, the pendulum has mirror symmetry about the x-y plane (i.e. it is invariant under a z + -z imnsformation). This symmetry causes the e = even, m = f l moments to be zero. Thus, the most egregious gravitational mass moment in the design will be the e = 5, m = &I mass moment, followed by the e = 7, m = f l one.
Design criteria for the labomtory some m s
The main plnpose of the source mass in the inverse-squan law test is to maximize the strength of the horizontal gradient of the Laplacian of the potential at the centre of mass of the pendulum. Because the gradient of the Laplacian of the potential would be produced solely by the non-Newtonian component of the potential, a null result w i l l place an upper limit on the strength of such a non-Newtonian component. The stronger we can make the putative gradient of the Laplacian, the more stringent the limit we will be able to place on the strength of an inversesquare law violation.
In the laboratory version of this inversesquare law test, the source mass is rotated to several azimuthal positions, and the period of the torsion pendulum is measured for each. A cos($) variation in the period then indicates the presence of a non-Newtonian component of the potential. Of course there are systematic errors that can mimic this cos@) variation, but since the source mass is moved rather than rotating the pendulum support point, no stationay external fields are detected, and only those systematic effec& that rotate with the source mass will be measured.
The size of the source mass is dictated by several considerations. The inner radius of the mass should not be too large because a Yukawa-type potential dies away exponentially with a characteristic distance, A, and thus only very weak limits can be placed on interactions with 1 much smaller than the inner radius of the source mass. On the other hand, the inner edge of the source mass should not be too close to the pendulum, otherwise the systematic errors due to higher multipole gravitational interactions become important. The outer radius of the source mass should, in theory, be made as large as possible to maximize the gradient of the Laplacian, but in practice there is a point of diminishing returns, and cost and weight considerations limit the source mass to be not more than a few hundred kilograms.
The active source mass material should have high density and be easily machinable. The density should be as uniform as possible which favours using pure substances rather than alloys. Since we require a few hundred kilograms, the material must be relatively inexpensive. The obvious choice, lead, is difficult to fabricate with the requisite precision.
In addition, the material should not be toxic, such as mercury or depleted uranium, since this complicates handling. At present, high purity copper with a density of about 9 g appears to be the most suitable material for the active source mass.
The horizontal gradient of the Laplacian is a m = f l potential derivative (i.e. it has a cos@) variation), and thus is maximized by placing all of the mass on one side. A solid 180" annular sector of a cylinder is an example of an easily machined design that would create a large horizontal gradient of the Laplacian. The 180" sector also has the advantage of not producing any m = f2 potentials (for brevity, potential derivatives from now on will be denoted as 'potentials'). Unfortunately, this choice also maximizes the offending m = &1 gravitational potentials, but if we give the source mass mirror symmetry about the x-y plane (z --f -z transformation), the e = even, m = f l potentials are cancelled.
Thus, the primary design goal is to cancel the t = odd, m = &l gravitational potentials by carefully selecting the lower and upper elevations and inner and outer radii of the sectors. Naturally, we seek to maximize the strength of the ISLV potential, while cancelling the gravitational potentials.
The (n = 1, e = 1, m = k l ) gravitational potential is not a problem. The torsion pendulum is essentially a plumb line, so there can be no horizontal gradient of this potential.
What must be cancelled, therefore, are the = 3, m = f l and the e = 5, m = f l potentials.
Although the t = 5, m = +1 potential is weaker, it is important because it was not cancelled by the pendulum design. Our design of the source mass is therefore constrained to cancel the e = 3, m = &l and the e = 5. m = f l gravitational potentials.
Leading gravitational systematic errors
The major errors, however, are not due to design imperfections, but to errors in the realization of the design. These include position errors (tilt and translation), as well as machining and density errors. The methods for making the design adequately insensitive to these errors are discussed below. These problems are similar to thase encountered in the design of the pendulum.
In our present composition-dependent force experiments, we can measure the frequency of a 447 s period torsion pendulum to 2 parts in lo8 from the timing of a single oscillation cycle. By integrating over several hundred periods for each of the eight azimuthal equilibrium positions, the period at each position can be measured to about 1 part in 109.
For A = 15 an, this enables a -Z u detection of a value of 01 as small as lo4 (see figure 1 ).
Further reduction is problematic because, under present circUmstanccs, systematic errors due to tilt, translation and machining errors may become important at this level. A summary of estimates of the magnitude of each of these various types of mor is displayed in table 2.
From these preliminary calculations, it can Jx seen that keeping the gravitational systematic errors below 1 part in IO9 requires careful, but not impractical, measures in the construction of the source mass and pendulum.
Further steps can be taken to reduce the fields produced by overall translation or rotation errors of the source mass. The two most important cases are the e = 2, m = 0 potential mixing into the e = 2, m = *l potential under rotation and the e = 6, m = 0 potential mixing into the e = 5, m = &I potential under translation. In both cases, only the m = 0 potential of the active source mass was calculated. In fact, there is a support structure as well (see section 2.6). Having cylindrical symmetry, it will also contribute to the m = 0 potentials, and the design of the support structure can be chosen to have a m = 0 potential equal and opposite to that of the active source masses. If this is done, the active mass and support structure system becomes tilt and translation insensitive to first order. For our estimates we have used the most conservative worst-case values that can occur for a given machining tolerance. For the leading m = &1 multipoles, the quadrupole and octupole, specially constructed pendula and source masses that exaggerate each of these particular mass moments can he used to actually measure the magnitude of these offending machining errors. This approach has been used in our CDF experiments. For e 4, it becomes impractical to cancel all the lower-order multipoles while exaggerating a higher one, and so the more conservative worst-case estimates must be used for placing upper limits on these contributions, which fortunately decline rapidly with increasing order.
The leading error which cannot be designed away is the e = 2, m =, f l machining error mass moment interacting with the e = 2, m = fl machining error potential. If this combination becomes the leading error, then there is still one more 'trick' to reduce this contribution. The e = 2, m = f l moment and potential have odd topbottom symmetry whereas the ISLV signal (n = 3, e = 1, m = &l) has even topbottom symmetry. Thus, the pendulum can be flipped 180" around its horizontal symmetry axis and a second set of data taken-the odd machining error will cancel out whereas the even signal will add.
The next leading term, the e = 3, m = fl, has the same symmetry as the signal, and so a straightforward reduction of machining tolerances is the only remedy once the very small e = 3, m = &1 machining error becomes the leading term.
The major difference between ermrs from the pendulum and errors from the source mass is in the relative importance of density variations. For the rather slender members of the torsion pendulum, machining errors are larger than the errors due to mass density inhomogeneity, but for a large, bulky source mass, the reverse would be the case. Segmentation of the source mass, as discussed below, solves this problem.
Description of the source mass
Instead of having large 180" annular sectors, a number of small, solid, circular cylinders are closepacked to approximate the 180" sectors (see figure. 3). These cylinders are easier to machine and handle, and this segmentation of the source mass makes it possible to limit the effects of density inhomogeneity by individually weighing each cylinder. In addition, because of the high degree of symmetry of the cylinders, it turns out that a multipole expansion of the contribution of each cylinder to the various potentials is actually faster to calculate and more precise than numerical integrations to calculate the potentials due to 180" annular sectors.
assembly is carried by a rigid, rotating plate actually supporting three levels. of copper cylinders with the two gaps filled by low-density (magnesium), annular trays with circular recesses to precisely locate the cylinders. The gaps are chosen so that neither t = 3,
We now consider machining errors. m = +I nor e = 5, m = f l potentials are produced. O f course there will be placement, machining and density errors associated with the support structure as well. One strategy is to make the support structure out of low-density materials in order to minimize these errors. Another remedy is periodically to move the support shcture 180" relative to the active copper masses, take a second set of data, and thereby subtract the contribution due to the structure itself.
Using a hillside as the source mass
For A larger than R (the characteristic size of the source mass), the ISLV signal decreases as A-' .
For a large same mass, such as a cliff or hillside, and for A larger than the distance to the source but smaller than the size of the source mass, the ISLV signal decreases only as A-' . This essentially gives the cliff or hillside a A / R advantage over a laboratory source of comparable density. In absolute terms, however, the signal is still decreasing with increasing A. A natural remedy for this decreased signal is to increase r , the characteristic size of the pendulum mass. Being proportional to the third derivative, the signal will increase as r3. Using the Index cliff as a source, increasing the pendulum size by a factor of two, and maintaining the same A@/@ = sensitivity, we could detect IY = 2.5 x lo4 for A = 30m. A plot of (Y against A for such a clifhide experiment is also shown in fignre 1.
As in the CDF experiment, local masses must be used to cancel the ambient gravitational potential+particularly the quadrupole potential. If the pendulum size is increased by a factor of two, however, the gravitational interactions with the fabrication and placement errors of this local mass would become troublesome. This is what conshah the size of the pendulum in the shofi-range laboratory ISLV experiment. The longer-range cliffsi& experiment, however, does not use these masses to generate the ISW signal, and so one solution is to make the masses proportionally larger and further away. Although conceivable, this solution is impractical since it would require a prohibitive amount of high-density material. Another solution is to find a site that is half-way up the side of the cliff rather than at the base 01 top. Being odd in L, the offending e = 2, m = fl potential is then cancelled without a decrease in the ISLV signal-provided, of course, that the cliff is of the same size and density as the Index cliff. Having significantly reduced the 8 = 2, m = &1 potential, small compensating masses can be designed with substantially reduced higher multipole contributions. We are now developing such a site selected on the Hanford DOE reservation in eastern Washington State: Rattlesnake Ridge is larger than the Index feature, rising lOOOm from the desert floor with a slope of nearly 40".
There is a significant disadvantage, however, of using an inclined hillside rather than a nearly vertical rock face. The hillside, even though primarily highdensity rock (basalt in the case of the Rattlesnake Mountain site) has some surface soil. The porosity of the soil poses a difficulty: changes in the density of the surrounding soil due to absorption of rainfall and its subsequent evaporation produce a time variation in the e = 2, m = f l potential. (Or in the Cartesian basis, the xz and yz derivatives of the potential.) By carefully selecting the hillside site and using small compensating masses, the xz and yz derivatives are adjusted to be less than 1 E s-*, but this care is not justified if the local field gradient is going to vary by more than 1 E due to changes in ground water content. Battelle researchers have measured the mean seasonal variation in the soil moisture content at the Rattlesnake site to be equivalent to 2 inches of water (Gee et al 1991). Preventing rainfall from being absorbed into the ground within a circle of radius 20m around the pendulum should be sufficient to keep the variation in the xz and yz derivatives below 1 E. In addition, we plan to operate an independent exaggerated quadrupole pendulum to monitor local changes in this field gradient. Thus, the variation in the xz and yz derivatives due to precipitation, if not small enough to be totally ignored, is nevertheless a manageable systematic effect that can be reduced below the proposed sensitivity of our experiment.
Making ISLV experiments ody second-order sensitive t o fdrication errors
The preceding discussion has concentrated on the physical design and the methods that will be employed to "ize gravitational systematic errors in this experiment Having brought some of the larger trees into focus, however, there is a danger of losing sight of the forest. Why should the reader be particularly interested in what we are doing? Because there is a qualitative difference between the method of our torsion pendulum experiment and previous experiments canid out to search for inversesquare law violation. Not only is the source mass designed not to produce gravitational gradients, but the pendulum mass is designed to be insensitive to gravitational fields produced by source mass errors thereby making the experiment second-order rather than first-order sensitive to machining errors and density variations. The superconducting gradiometer experiment (Moody and Paik 1993) (see discussion in section 35) is the only ISLV test of any kind that has employed this strategy: constructing a sensing device to respond solely to a non-Newtonian field derivative. Our experiment applies this same null principle to torsion pendulum ISLV studies.
Experimental errors that involve gravitational coupling can be classified into three basic groups for our work (i) design errors, (ii) positioning errors, and (iii) machining and density variation errors (which we collectively denote as fabrication errors). The first class consists of imperfections in the design; they exist in the blueprint even pior to fabrication and assembly. In theory, there is no limit to how many of the higher mass multipoles can be made to vanish by clever design. In practice, however, the more intricate designs that cancel the higher multipoles will tend to make the signal moment smaller and will tend to introduce more surface anx and thereby increase the effect of machining errors. Clearly, suppressing the higher multipoles in the pendulum and source mass design should not be pursued beyond the point that they are no longer contributing to the leading errors.
Testins the inverse-square law of gravity
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Cancelling either the pendulum design errors or the source mass design errors will eliminate the zero-order interaction between these design errors. There are then first-order interactions caused by coupling of the positioning and fabrication errors on the pendulum with the design source mass and by coupling of the design pendulum with the source mass positioning and fabrication errors. These first-order interactions can be removed by cancelling the offending design mass moments in both the source and the pendulum that provide the 'handles' for the positioning and fabrication errors to 'grab'.
At fist glance, the only remedy for positioning errors appears to lie with taking more care with the placement of the pendulum relative to the source mass. To Ieading order, the magnitude of each of these errors is the sum of terms that are the product of a tilt or translation increment with some multipole mass momenc thus, positioning errors are really a design problem because the multipoles that cause the first-order sensitivity to tilt or translation can be designed away. Once this is done, the positioning error is second order in the tilt or translation increment, and the error budget is then dominated by fabrication errors.
Unlike positioning errors, however, there are second-order fabrication ermr interactions that pose a qualitatively different challenge because they cannot be made to disappear. No matter how clever a design, there will be inevitable deviations from the intended blueprint that will, at some level, produce unwanted mass moments on the pendulum and on the source mass. In a well-designed null test, the second-order interaction between these fabrication errors will be the leading gravitational systematic error, all other contributions having been suppressed by appropriate design.
. Comparison with other experiments
Vatious types of inverse-square law experiment
Inverse-square law tests of gravity have been conducted on scales ranging from about a centimetre to interplanetary distances, but this discussion will be limited to comparisons between several terrestrial scale experiments. These can be grouped into short-, intermediate-and long-range tests which correspond roughly to centime-, metre-and kilometre-range experiments. The short-range tests (Chen et al 1984 , Hoskins et al 1985 Spero er al 1980) have been primarily torsion balance experiments because the weaker fields produced by small laboratory sources and the small baselines over which those field derivatives are measured necessitate the use of an instrument that can detect extremely weak forces. Riley Newman and his group at UC Irvine have conducted two different types of such ISLV experiments: the torsion bar experiment and the concentric cylinder experiment that are discussed below in sections 3.2 and 3.4.
For longer-range tests, the gravimeter has been the instrument of choice. Although intrinsically not as sensitive as a torsion balance, the modem gravimeter can generate a large signal when used over a long baseline. More importantly, its ability to meawe vertical gradients provide several distinct advantages that are. elaborated in section 3.3.
A little over a decade ago, the limits on C Y at X = 10m stood at a b u t lo-'. This range proved to be technically difficult because it fell in between the ranges easily accessible to torsion balances and gravimeters. This gap was partially filled in by the ocean experiment (Zumberge et al 1991), which is essentially an aquatic version of the tower experiments except that direct measurements of the density of the source mass (the ocean) were made 
Bar torsion balance experiment
A 'common-sense' ISLV experiment would measure the raw force exerted by a source mass as it is moved radially relative to the detector, looking for a deviation from an inversesquare dependence. More typical of current practice is the bar torsion balance experiment (Hoskins et ul 1985) designed as a null test: a near source mass and a set of far source masses are moved between two configurations that should produce zero torque for strictly Newtonian gravity. Any difference in deflection of the bar caused by moving the source masses would then indicate the presence of an ISLV form. This setup provides all the traditional advantages of a null test, such as not requiring stringent linearity of the sensing device over a wide dynamic range. Moreover, it is not as though the experiment is a null test only if perfectly configured, but it is designed to be first-order insensitive to relative translations of the source masses and the detector. The only drawback is that the bar geometry of the pendulum relies on its exaggerated e = 2, m = It2 mass moment to detect forces, and because the e = 2, m = f 2 potential can be produced by Newtonian gravity, the bar is inherently first-order sensitive to fabrication errors in the source mass.
In contrast, most current composition-dependent force (CDF) experiments are only second-order sensitive to fabrication errors because the natural choice for a 'signal' moment, an exaggerated composition-dipole, can have cylindrical mass symmeq about the vertical axis and therefore does not couple to any Newtonian field derivative. Such a simple strategy is not applicable to composition-independent ISLV experiments because cylindrical symmetry would destroy any sensitivity to the ISLV signal.
Tower experiments
For A > lOOm the most successful tests of ISLV have been the 'tower' experiments that measure g, the vertical gradient of the potential, over the ground and up a vertical tower (Jekeli etal 1990, Speake etal 1990, Thomas et ai 1989) . Because long-range tests require a topographical source, uncertainties in the shape and density of the source mass could severely l i t the precision of such an experiment. The 'tower' experiments bypass this obstacle by measuring the field directly instead of hying to model the source mass. By using the field measurements at ground level to solve the Neumann boundary value problem, the expected gravitational potential can be analytically continued upwards, and the predicted value of g can be compared to that actually measured. The difference is proportional to the Laplacian of the potential.
Unlike the torsion pendulum, conventional gravimeters measure vertical gradients, which allows level ground to be used as a source mass. This, coupled with the experiment's ability to measure. the Laplacian instead of just the gradient of the Laplacian, allows the upper limit on a at A = 600m (the height of the tower used in the experiment) to be extended out to 1 = radius of the Earth. In contra% the signal of torsion balance experiments for large A decreases as A-* for laboratory sources and as A-' for hillside sources. Because a gravimeter is able to withstand the full vertical form of Earth's gravity, however, the deflection per
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Testing the inverse-square law of gravity A l l 1 unit force of its active mass is orders of magnitude less than that of a torsion balance. This decreased sensitivity does not allow tower experiments to be competitive at small A (tens of metres).
The major experimental difficulty, however, is sampling with ground level measurements that are sufficiently dense and unbiased to provide an accurate upward continuation of the potential. This is essential because the tower readings measure a2V/azz which is a combination of the V : a (-azv/a~2-a2v/ayZ+2a2v/az2) quadrupole potentid and the Laplacian, aZV/ax2 i-a2V/ay2 + a2V/az2. The 'tower' experiment relies on ground level measurements to correctly model and subtract the potential V : due to pravity. If the V$ potential is not properly subtracted, it directly contributes to the systematic error. If Paik and his group are able to successfully use their superconducting gradiometer in a 'tower' type experiment, they will be. much less susceptible to this error because their gradiometer is designed to be sensitive primarily to the Laplacian.
Concentric cylinder experiment
The concentric cylinder experiment (Spero et al 1980) is one of the shortest-range null tests of the inverse-square law. A schematic plan view is shown in figure 4 . A small, solid cylinder is suspended from one arm of a torsion balance while the other arm suspends a passive counterweight that is not directly involved in the force detection. The source mass, a larger cylindrical shell, is placed around the small cylinder and is then translated and rotated to various positions. By very precisely noting any deflection of the torsion balance caused by the source mass movements, the experimenter uses the small cylinder as a test mass to map out the gravitational force field inside the cylindrical shell. The beauty of this null experiment is the simplicity with which it cancels out any gravitational signal; inside an ideal, infinitely long cylindrical shell, the Newtonian gravitational potential is a constant, and so no gravitational force can be exerted on a test mass anywhere inside the cylindrical shell. A Yukawa-type potential, on the other hand, will exert a radial force that is zero in the centre of the shell but grows stronger as the inner wall is approached. In fact, the experiment even seems impervious to errors in the source mass because any 'bump' on the outer shell has a distinct orientation; consequently, the azimuthal variation of the gravitational force allows it to be separated from the isotropic radial force due to a Uue ISLV force. At this point the reader is confronted by a paradox: why does this not constitute an example of a device that is sensitive solely to non-Newtonian field derivatives? Despite our demonstration that the horizontal gradient of the Laplacian is the leading non-Newtonian potential derivative that can be detected by a torsion balance, the reader might feel as if this is a clear counter-example: a simple experiment that does not resort to exaggerating some obscure third mass moment in order to be insensitive to fabrication errors in the source mass. A more detailed multipole analysis, however, reveals that the experiment is indeed firs-order sensitive to source mass erron.
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F i p 5. Three-dimensional picture of a cylindrical shell source mass. The vertical ship repmenis a type of machining mor which can be 'rotated away', whereas the azimuthal s v i p will produce a I ' :
potential indistinguishable from the Laplacian.
To leading order, it is first derivatives of forces that are being detected and so it must be some second derivatives of the potential that could create a false signal. In the generalized multipole expansion, there are six independent second derivatives: the five quadrupole potentials and the Laplacian. The m = &1 and m = f 2 quadrupole potentials will produce forces whose radial components vary azimuthally as sin($), cos($), sin(w), or cos(%), and therefore can be readily identified and rejected by rotating the source mass. Unfortunately, there are WO different m = 0 second derivatives, the V , quadrupole and the Laplacian. Moreover, they both produce cylindrically symmetric radial force fields and are therefore indistinguishable. Expressed in the Cartesian basis, it is only a2V/axz + a2V/i3y2 that is being measured, and so without information about a2V/azZ-which is unobtainable using a torsion balance-there is no way to separate the unwanted V, quadrupole from the Laplacian signal. This problem is complementary to that faced by 'tower' gravimeter experiments that can measure a2V/azz but not azV/axz+a2V/ay2; both suffer from incomplete information. One remedy is to design a device that can measure second derivatives of the potential along three orthogonal axes. This was the approach adopted by Moody and Paik in designing their superconducting gradiometer experiment described in the next section. Our remedy is to give up trying to detect the Laplacian and instead to measure the horizontal gradienr of the Laplacian which, being an m = rtl potential, can be distinguished with a torsion fibre experiment.
The two-dimensional plan view of figure 4 is a poor representation for discussing fabrication errors because there is no reason for those errors'to honour the axial translational symmetry implicit in such a representation. A two dimensional 'bump' on the outer cylinder in figure 4 would correspond to a vertical stripe in a three dimensional view such as figure 5.
Such an imperfection would primarily produce m = rtl and m = f 2 quadrupole potentials that could indeed be averaged away by rotation. Figure 4 does not encourage considering the type of azimuthal imperfection shown in figure 5 that would produce the more. insidious V i potential. Moreover, such imperfections will naturally tend to arise in an object machined on a lathe.
It might be argued that if the source mass is moved up and down, the vertical profile of the measured forces from a single, azimuthal 'stripe' would differ from that which would result from an ISLV force, but a single 'stripe' is not the only conceivable imperfection. For any vertical profile of measured forces, there would exist some machining ermr that could produce the ObSeNed fields. Therefore a knowledge of the maximum magnitude of the machining errors can be used to place upper limits on the existence of IsLv fields, or a knowledge of the maximum magnitude of ISLV fields can be used to place upper limits on machining errors; but you cannot do both.
A measurement of the missing azV/az2 derivative can be obtained with a torsion balance if the outer cylinder is turned on its side so that its axis is horizontal. Although this is possible in theory, building a device to precisely rotate an object about three axes is much more difficult than rotating about a single axis. Once such steps are contemplated, the experiment begins to lose the elegant simplicity that originally made it so appealing.
Superconducting gradiometer
Last fall, Moody and Paik (1993) reported an experimental upper limit of 5 x on LY at A = 1.5 m using their superconducting gravity gradiometer. This gradiometer directly measures the second derivatives of the potential along three orthogonal axes. Their source mass is a swinging 1500 kg spherical lead pendulum. They extract the fundamental Fourier component of the Laplacian's time variation and can therefore ignore static sources of the Laplacian, such as the internal support structure. of the detector and the centrifugal pseudopotential due to the Earth's rotation. The oscillation amplitude and position of the lead pendulum are chosen to cancel the contribution of the synchronous quadrupole potentials produced by the lead pendulum which can bleed into the signal due to any nonorthogonality of the gradiometer axes.
In theory, measuring the Laplacian instead of its gradient yields a factor A/R advantage in sensitivity for large A (where R is the characteristic dimension of the s o w mass). In practice, however, these experiments must subtract the background potenhal by spatial differencing. As a result, they effectively measure the gradient of the Laplacian, and the resulting A-* dependence for large A is the same as for our laboratory ISLV experiment.
They are sensitive to radial derivatives of the Laplacian while we will be measuring azimuthal derivatives. The superconducting gradiometer is not technically a null experiment because the gradiometers are sensitive to higher derivatives of the potential such as a4V/ax4 + a4V/ay4 + a4V/az4, which are not purely non-Newtonian. At their present sensitivity, these finite baseline effects are 12 times larger than the signal, and consequently there. is a combined requirement that the absolute calibration of the inshument and the precision of modelling of the source mass be better than -8%.
If the pendulum were to be moved in closer to the detector in order to test centimeeerange A, these higher-order field derivatives would grow much faster than the signal. Therefore this is not a practical extension unless a proportionally smaller gradiometer is also used. In order to test for longer-range A, this instrument could be used in a 'tower' type experiment, but this would require taking the cryogenic superconducting technology out into relatively hostile field conditions. Also, because a rapidly oscillating source ma% is no longer possible, longer time scale measurements would have to be made, with a corresponding susceptibility to slowly varying drifts. The Moody and Paik experiment is an important ISLV test, but because its characteristic range of . I = 1.5m is not readily extended into the lOcm and 10m ranges at which our experiments will be most sensitive, we view our work to be complementary rather than competitive with theirs. Moreover, the technique we employ is fundamentally different, and is not expected to be noise limited, leaving the possibility of more precise measurements as systematic effects are reduced by further diagnostic work. As its name suggests, the primary mission will be to conduct a space-based search for long-range, composition-dependent forces using the entire Earth as a source mass. But this is not the experiment we wish to discuss. Besides the main experiment, a smaller device to make short-range measurements of the gravitational force constant, G, is to be included in the satellite. Although this experiment uses 'laboratory' source masses, it wuld not be conducted in an Earth-based laboratory because the free fall environment of the satellite platform allows the use of extremely sensitive measurement techniques that can be employed only in a weightless environment.
STEP'S G experiment has been designed to detect short-range, composition-dependent forces and short-range, composition-independent, ISLV forces as well. This economy of design is laudable, but it should be pointed out that this 3-in-1 'bargain' is not realized without compromise since there is an inherent conflict between the requirements of a G experiment and the requirements of the two null tests, the CDF and ISLV experiments. By definition, a G test is designed to measure gravity, and so the sensitivity to the gravitational field needs to be maximized. For the null tests, however, this is equivalent to maximizing the systematic errors; consequently, the ability to measure gravity with the same device forces the experiment to be first-order rather than second-order sensitive to fabrication errors. As the proposed fabrication tolerance in these experiments is extremely small (the goal is a few parts in IO'), the disparity in performance between a first-order sensitive and second-order sensitive experiment is quite appreciable if the fabrication errors are the leading systematic errors, which the preliminary error budgets indicate they will be.
Clearly, from the standpoint of optimizing performance, creating a dedicated null test experiment separate from the G measurement would be desirable. But even if there were space and money available to do this, a further obstacle would present itsele the 'axial displacement' detection method favoured in the design of all the STEP experiments precludes making any null test first-order insensitive to fabrication errors. Unliie torsion balance experiments which detect rotations produced by external torques, the STEP experiments magnetically float cylindrically symmetric masses on tracks that constrain the motion of the masses to be in the axial direction, and they then use SQUID technology to detect any axial translations induced by external forces. In order to see why this setup necessarily engenders first-order sensitivity to fabrication errors, a multipole analysis is required.
The multipole analysis of forces is somewhat different from that of torques because the calculation of derivatives of energy with respect to distance, rather than with respect to unitless angles, involves coupling between potentials and mass moments of diferent e.
Because of the cylindrical symmetry of the problem, only m = 0 multipole moments need to be considered. Under axial translations, this symmetry is preserved and so potentials mix into other potentials of the same m number. To first order in translation, V & -ff V;+'z-, or expressed in differential form, aVi/az cx V;+'. Thus, the axial force exerted arises from V ; " ' potentials coupling to Mt mass moments. In figure 6 , a simple sketch of the inner test mass and the outer source mass of the STEP 1SLv experiment is depicted. At rest, the axial force exerted between the two masses arises from terms of the form Vp'M,$ but the experimental technique involves driving one of the masses in an oscillatory motion, z(t) = z,,,cos(wt), and looking for the motion induced in the other mass caused by the resulting oscillatory force, F,,, cos(wt). The oscillatory translation creates oscillatory potentials, V&% a V$+'~os~. and therefore F,= is the sum of term of the form Vi+*Mt&. The leading gravitational systematic error in the STEP experiment comes from the V 2 potential produced by the outer source mass coupling with the monopole mass moment, &, of the inner test mass (the monopole mass moment is simply the total mass of the object).
Symmetry might suggest that there should be a corresponding coupling between the V : potential and the mass moment, but clearly there would be no force exerted on a body with an exaggerated Mi mass moment inside an oscillating, perfectly spherical mass shell.
This asymmetry derives from the difference between the interior and exterior solutions of Laplace's equation. As for the leading V~Moz, coupling, designing the Vz potential to be zero, which has been done, leaves the experiment first-order sensitive to fabrication errors.
In order to achieve only second-order sensitivity, both the V : potential Md the mass moment must be designed away. Here then is the CNX of the problem: the Mo moment cannot be designed away! In contrast, torsion balance experiments do not suffer from this problem because there are no torques which couple to the M: mass moment. The STEP ISLV experiment faces the same basic difficulty as the 'tower' experiments and the concentric cylinder experiment in its inability to distinguish between the Laplacian due to an ISLV potential and the gravitational V : potential due to errors in the source mass.
This is not to say that the experiment is not valuable. If it performs as advertised, it will most definitely place much lower limits on the strength of ISLV interactions. Despite spectacular technological achievements, the fact is that the short-range STEP experiment is primarily a G experiment. When viewed as a null experiment, it falls short of potential performance because of its first-order sensitivity to fabrication errors in the source mass.
Future prospects
Although the intent of our experimental design is to be as insensitive as possible to machining errors and density variations, fabrication errors are still leading sources of systematic error. This being so, immediate reductions in systematic errors can be attained by 'simply' reducing the magnitude of the fabrication errors; indeed, the incentives are raised to the power of two for a design that is only second-order sensitive. This type of solution, however, is considered to be a 'brute-force' (read expensive) solution rather than a 'simple, elegant' one. The present ISLV experiments only require fabrication tolerances on the order of a few parts in lo4 which can be met in a university machine shop. After the first generation of such experiments is complete, is the task of significantly improving those tolerances impractical or merely difficult? The successes achieved in developing Gravity Probe B (lhrneaure et al 1989) indicate that further improvements are definitely possible. This technology is beiig applied to the design of the future STEP experiment with a goal of fabrication tolerances on the order of a few parts in lo6. Thus, these problems are already being seriously addressed, and this research should yield new possibilities for improving fabrication tolerances.
Our present experiments should be able to place new upper limits on a of lo4 at ranges of order A = 10 cm and A = 10 m using readily available technology. Looking to the future, reduction of all the presently known sources of systematic and random errors is possible, and there does not appear to be any fundamental barrier to extending the sensitivity of these experiments another two orders of magnitude. Moreover, the majority of the experimental difficulties are neither specialized nor exotic, but are generic problems, such as thermal stabilization and seismic isolation, which confront a wide range of experimental activity. It is likely, therefore, that some as yet unknown allies in other fields will provide useful innovations with which to attack the challenges yet to come.
